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Abstract 

We study the low-energy effective theory in N = 2 super Yang-Mills theories 
by microscopic and exact approaches. We calculate the one-instanton correction to 
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B r , C r (r < 3) the microscopic results agree with those from the exact solutions. 
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1 Introduction 



The low-energy effective theory of N = 2 supersymmetric gauge theory in the Coulomb 
phase is determined by a single holomorphic function, called the prepotential |], ||. Using 
holomorphy and duality, Seiberg and Witten |3], || have shown that the prepotential for 
the gauge group G = SU{2) is completely determined by studying its singularities at 
strong coupling, where massless monopole or dyon appears. The quantum moduli space 
of the low-energy effective theory is characterized by a family of elliptic curves, whose 
period becomes the effective coupling of the theory. Examining these elliptic curves, one 
may calculate the non-perturbative effects both in weak and strong coupling regions. In 
particular, the exact solutions in the weak coupling regime leads to the non-perturbative 
instanton correction to the effective couplings, while such a multi-instanton calculation 
is difficult and quite cumbersome in the microscopic theory. From the viewpoint of the 
microscopic theory, the exact result provides a non-trivial and quantitative test to the 
method of instanton calculations. On the other hand, the microscopic instanton calcula- 
tion provides a non-trivial check of the assumption of existence of massless monopole or 
dyon in the strong coupling region, beyond the one-loop effect. 

The microscopic instanton calculation in supersymmetric gauge theories @-|10| has 



some good features. Firstly it is free from infrared divergences || |10| . Therefore one 
may calculate its effect from the first principle. Secondly the non-zero modes of the 
boson and fermion fields cancel with each other in the one-loop determinant ||11|| , and 
hence the problem reduces to the integration over finite number of zero-modes. Finally, 



the holomorphic property of the supersymmetric gauge theory [|1(], [12|, [L3[ constrains the 
superpotential so severely that the lowest order calculation is enough to obtain a full order 
result. In supersymmetric gauge theories, the above features will make it possible to obtain 
correct instanton contributions by performing microscopic instanton calculations in the 
lowest order of gauge coupling constant g <C 1, where such a semi-classical approximation 
would be reliable. Thus one may compare the exact results with the microscopic instanton 
calculations. 

The microscopic instanton calculations have been investigated in the case of N = 2 



SU{2) |Tj, 15] and SU(N C ) [16] supersymmetric Yang-Mills theories (SYMs) at the one- 
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instanton level, in the 377(2) SYM [0, |TB|, [L9| and supersymmetric QCD gg, |21], [22 
at the two- instanton level, and in the SU(2) SYM in the multi- instanton level |TjJ. The 
microscopic instanton results have been consistent with the exact ones so far except SU(2) 
SQCDs with Nf 



3 an d Nf = 4 ||22|| , where some discrepancies have been reported. 
But these discrepancies seem to come from the delicate differences between the observables 
of the exact and the microscopic instanton calculations, and their results do not seem to 
contradict with the assumptions made by Seiberg and Witten. 



In the previous paper ||16|| , we performed the microscopic one- instanton calculation in 
N = 2 SU(N C ) SYM and obtained the agreement between the exact and the microscopic 
one-instanton results for the SU(3) SYM case. In this paper we study the one-instanton 
correction to the prepotential of N = 2 SYM with arbitrary gauge groups from both the 
microscopic and the exact calculations. 

The exact result for G = SU(2) has been generalized to other gauge groups and 
SQCDs by introducing matter hypermultiplets |2^j-[Q. For the computation of the 
prepotential, one needs to evaluate the contour integrals of a meromorphic differential 
over a hyperelliptic curve f||, || in the weak coupling region. An efficient approach to 
study this problem is to use the Picard-Fuchs differential equations and solve them near 
their singularities. The Picard-Fuchs equations have been obtained for SU(2) |34j and 



SU(3) SYM H and SU(2) SQCDs |§, 0, g8). In the present work, we shall study 
the Picard-Fuchs equations for classical gauge groups with rank r < 4 and examine their 
solutions in the case of G = BC2, A3, B% and C3. 

One of the technical difficulties in the microscopic one-instanton calculation for general 
gauge groups is the group integration over the instanton configuration in the color space. If 
the instanton calculation is done in the background of vanishing scalar vacuum expectation 
values |], pTO | , the result of this integration turns out to be a numerical factor coming from 



gauge volume |39| . On the other hand, an N = 2 SYM theory in the Coulomb phase has 
non-vanishing scalar vacuum expectation values, and the result of the group integration 
shows non-trivial dependence on them. Although the group integration in the background 
of non-vanishing scalar vacuum expectation values was performed explicitly in N = 1 



SU(N C ) SQCD with N c — 1 fundamental flavors [40, 41], it looks quite formidable in 



general. In our previous work [16 , we improve this technical difficulty by observing that 
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the result of the group integration should be a holomorphic function while the integrand 
is a function of holomorphic and anti-holomorphic variables. We shall generalize this 
approach to the other gauge theories. 

This paper is organized as follows; In section 2, we will perform the microscopic one- 
instanton calculation and will obtain the one-instanton correction to the prepotential in 
the N = 2 SYM theory with any simple Lie group. In section 3, we will obtain the 
Picard-Fuchs equations for the exact solutions of iV = 2 SYM with some classical gauge 
groups and will calculate the one-instanton contributions to the prepotentials by solving 
them. In section 4, we will discuss the relations between the scale parameters in the exact 
solutions and the dynamical scales in the microscopic theories, and will compare the one- 
instanton corrections of the prepotential. In Appendix, we will give the conventions on 
the Cartan-Weyl basis and the list of the Dynkin indices. 

2 Microscopic one-instanton calculation 

In this section, we will perform the microscopic one-instanton calculation in the back- 
ground of the non-vanishing scalar expectation values in the lowest order of the gauge 
coupling constant. In this case, one needs to use, for example, the constraint instanton 



method |42| to perform an instanton calculation in a theory without a scale invariance. 
But, since the lowest order result will be enough to obtain a reliable full order result in 
a supersymmetric gauge theory [|1C , 12, 13 1, we do not need to worry about the higher 



order corrections coming from the constraint added to the action |5], |J. We will calculate 
a four-fermi correlation function of massless fermions in the microscopic theory [I], |5], [(J 
in the one-instanton background. Then we will obtain the one-instanton correction to the 
prepotential. 

2.1 One-instanton configuration and integration measure in N = 
2 SYM theory 

We firstly discuss the zero-modes and the integration measure of the one-instanton con- 
figuration in the case of N = 2 SYM theory with a general simple Lie group G. 

The N = 2 supersymmetric Yang-Mills theory with a simple gauge group G contains 
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an iV = 1 chiral multiplet <fi = (A, ip) with the adjoint representation as well as an N = 1 
vector multiplet W a = (v^, A). The Lagrangian isQ 

L = 2 J d A e(^e- 29V (Pe 29V ) g + ^ (/ d 2 6(W a W a ) g + h.c.) , 
W a = -\D 2 e~^D a e^\ (1) 

o 

where g is the gauge coupling constant, and (-)g denotes the trace in the adjoint repre- 
sentation normalized as (-)g = -^Ti a( ij{-) for convenience. Here denotes the Dynkin 
index of the adjoint representation of g, the Lie algebra of G (see Appendix). We will 
examine this Lagrangian in terms of component fields in the Wess-Zumino gauge. The 
euclidean Lagrangian of (0) is given by 

C = ±(G^G^) g + 2((D^D„A) g + g 2 ([A : Af) g + 2i(&M F *) g , 

* = (*)•*■ ^ •'•)• 

MF ~ [ -V2gAi ir+D, ) ' 

D„ = <9 M - igvp, (2) 

where a denotes the Pauli matrix. 

Let us study the one-instanton solution of the gauge field. In the lowest order of g, one 
can neglect the source terms from the other fields, and the classical equation of motion 



of the gauge field D^G^ = has the instanton solution (44|, |45| . In the singular gauge 



the instanton solution with unit topological charge located at the origin is given by 

v, = - f*r\ nrrt, (3) 

g x z [x z + fr) 

where f] aill/ and p are the 't Hooft symbol |^7| and the instanton size, respectively. The 



Q is an element of the Lie group G, and the integration over it is necessary to ensure 
the gauge invariance of the instanton calculation. The J a are the three generators of 
the £77(2) obtained by embedding an £77(2) into the Lie group G which minimizes the 



1 We follow the conventions given in the text book by Wess and Bagger [[43[. 
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classical value of the gauge kinetic term in the action. This is equivalent to taking the 
three generators satisfying [J a , J b ] = ie abc J c with a minimal value of (J a J a )g. Assuming 
J 3 is an element of the Cartan subalgebra H of the Lie algebra, it is obtained PS| that 



J 3 = ^aiffi, 
z i=i 

j± = A=(ji± l ji) = -L E±ah (4) 

where a 1 denotes one of the longest roots. More about our conventions on the Cartan- 
Weyl basis are given in Appendix A. The norm of the generators takes the minimal value 
(J a J a )g = |, and the classical value of the gauge kinetic term is given by 

S g = f. (5) 

Since [J 3 ,E a ] = ^(a l ,a)E a and (a 1 , a) takes only the integral values 0,±1,±2, all the 
generators in the Lie algebra g are classified into the parts which have the spin 0, -, 1 
representations of the embedded SU(2) p8| . The spin 1 generators are those of the 
embedded SU(2), and the number d of the doublet pairs (spin |) is related to the Dynkin 
index by 

d = k D - 4, (6) 

which can be derived by evaluating (J 3 J 3 )g in two ways [|8|. We will write those doublet 
pairs more explicitly. Define 

E^ a ) = (E a i, E a i_ a i), 
E^ = (E_ Ql+al ,-E_ al ) (7) 

for an a 1 satisfying (a 1 , a 1 ) = 1. With appropriate normalizations of E a 's , the SU(2) 
generators are represented as [Ji,E^ als> ] = E( ±al ^(Ji, where <jj is the Pauli matrix. We 
denote the set of a^'s labeling all the two doublet pairs (0) by A x (q;'), which has d/2 = 
(kjj — 4)/2 elements in total. 

In the lowest order of g, the classical equation of motion of A is given by t^D^X = 0, 
and the same for ip. The index theorem [4~9] applied for this case tells that this equation 



has kn solutions. These fermion zero- modes in the one-instanton background can be given 
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explicitly by using the generators with spin ~ and 1 of the embedded SU(2) as follows 

(for n = iy. 

x ss = v^p 2 x tl x l/ rj cl/X f]d f ,x(^ SS )a jd 

71 X 2 (x 2 + p 2 ) 2 

^SC P X vVcv\(. T \£, SC ')a jc 

71 (x 2 + p 2 ) 2 

n = j^ x ^ Ei±a y £ K ^, (8 ) 

V27T (X 2 + p 2 fl 2 ^ 

where e denotes a 2 by 2 anti-symmetric tensor with e 12 = 1, and we have used £ to 
label the gaugino zero-modes. The X ss and X sc are called the supersymmetric and the 
superconformal zero-modes, respectively, which can be obtained by applying the super- 
symmetry and the superconformal transformations to the gauge field (|3|), respectively. 
The label a 1 runs through A 1 (a l ), and hence there are 2 + 2 + d = kr> zero-modes in (|3]). 
To define the integration measure, we will use the following norm: 

|| 4>{x) || 2 = J d 4 x2(0(a;)t0(x))g, (9) 

where the field 4>(x) takes values in the Lie algebra g. The integration measure on the 
group space is defined through the following norm for an element s in the Lie algebra g: 



•s 



1 2 . 



2<at a ) (io) 



The bosonic zero-modes are the size p and the location xq of the instanton as well as 
the location of the embedded SU(2) in the Lie group G. The change of the instanton 
configuration under the infinitesimal shifts of those zero-modes were calculated explicitly, 
and the norms are given by []39[| 



^(trans.) n 2^/2n 
11 9 

.(dilat.) I, _ 4?r 

\\ ll - 7 > 

M (trip.)n = ^ 

A (doub.) I, = v^P 



(11) 
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where the trip, and doub. denote the infinitesimal shifts generated by the triplet and 
doublet generators in g, respectively. Since the number of the doublet zero-modes is 
related to the Dynkin index by (]6|), the bosonic integration measure is given by |39|, |K], |IJ 



2 7 ii kD fi 2kD g- 2kD / dpp 2kD - 5 / d 4 x / dfl, (12) 

Jo J JG/Gs 

where we have introduced the Pauli- Villas regulator /i, and G s is the stability group of 
the instanton G s = {g\J a = gJ a g\g G G}. Since we are interested only in a correlation 
function invariant under the space rotational transformation, this symmetry induces the 
invariance of the integrand under the color rotational symmetry generated by the embed- 
ded SU{2) |pD[ . The integration over it results in the gauge volume Yo\{SU{2) a( jj) = 2 3 7r 2 , 
where we have used the definition of the norm flTUD in the estimation of the gauge volume. 

The fermionic zero-modes (§) are normalized to unity under the norm @. Hence the 
fermionic measure is given by 0, [7], |10| 

^-k D J d 2^S d 2 C SS d 2^SC d 2 C SC ~Q ^) ^(o*) ^(-^) ^(-a*) ? (13) 

a 1 eA 1 (a ! ) 

where we have introduced ( to label the ip zero-modes. 

Gathering @, (0) and (|13|), the integration measure over the zero-modes of the 
instanton configuration is given by 

210^+2^ -2*2, f d A XQ r°° dpp 2kn-5 f dQ f ^AT^A^ (M) 

J JO Jg/SU(2)xG s J 

where we have used / d 2Nc ^d 2Nc ( to denote the Berezin integration part in (|13D for sim- 
plicity, and the dynamical scale is defined by A*j D = fi k ° exp (— ^prY 

2.2 Instanton calculation with scalar vacuum expectation values 

Now we calculate the four fermion correlation function 

{^^A^T^^xl^f) (is) 

of the classically massless fermion fields in the microscopic theory Jl], 0, ||: ip${x) = 
((A)i(j^(x))g, Xq(x) = ((A)X^(x))g. We will need to evaluate the Yukawa terms to cancel 
the fermionic zero-modes in the instanton measure (|HD, and hence the scalar vacuum 
expectation values will appear in the calculation. 
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The potential term ([A, A^] 2 )g in (Q) has the classical flat directions 

r 

i=i 

r 

4 = (16) 



i=l 



where i7j are the generators in the Cartan subalgebra, and we take a« and Oj as indepen- 
dent variables to effectively use the holomorphy argument JlO, 0, [13|] in the instanton 



calculations | 16f . For generic a^aj's, the non-abelian gauge symmetry is completely bro- 



ken to the Cartan subalgebra U(l) r spanned by the Hi, and the system is in the Coulomb 
phase. 

As for the color space, the instanton resides in the £77(2) subgroup minimally embed- 
ded to the gauge group G |P| as was discussed in the previous subsection. The integration 
over the embedding is needed to ensure the gauge invariance of the instanton calculation. 
As can be shown by the global gauge transformation, this is equivalent to the integration 
over the orientation of the scalar vacuum expectation values in the color space M. fill. [XT 



Thus the group integration J dTt in (ITJJ) can be done by rotating the scalar expectation 
values, 

(A) = Q j A Q, 

(A f ) = Q j A j Q, (17) 

while the embedding of ££7(2) itself is held fixed (The fl in (|3|) is neglected.). 

In the lowest order of g, the equation of motion of the scalar field is given by D 2 A(x) = 
0. The solution of this equation with the asymptotic value ([L7]) is given by 



x 2 , / x 2 



Mx) = -r—- 2 ^T + \Hr— -<^r + (Ay, (is) 

£ + p V x + P 

where (A)*, (A) d , (A) s denote the triplet, doublet and singlet part of the (A) concerning 
the embedded SU{2). Substituting this solution to the scalar kinetic term, we obtain 

£ m = 8vrV/((/4),(At)), 
/((/4>,</4t» = ((^W + ^W) • (19) 



First we will consider the integration over the fermionic zero-modes. In the lowest 
order of g, it turns out that the four supersymmetric zero-modes in the integration measure 
cancel with those appearing in the massless fermion fields in ( |T5| ) |5|, [| . This is estimated 
by solving the equations of motion of those fields: 

it + »D^\x) - V2g[A\x),X ss (x)} = 0, 

iT + »D^(x) + V2g[A\x),^ ss (x)} = 0, (20) 

where we have substituted the supersymmetric fermionic zero-modes (|3|) into the source 
terms. These equations can be solved as 

\\xf = -JLtr-^fD^ix) (21) 

47T2 

by performing the supersymmetry transformation on the field A*(x) ]5], Since we are 
interested in the effective four-fermi vertex induced by an instanton, taking X{ — xo p, 
we obtain 

4(xi)A(^fxl(x 3 ),,\l(x A f ~ (vrsp 2 /) 4 (Ids) S F , (22) 

where we have denoted the product of the fermion propagators as S F = Spcf{xi — 
x )Sp a p{x2 — ^cO^W^ (^3 — x )Sp a /?'( x 4 — x o) f° r simplicity. 

The remaining fermion zero-modes appear in the Yukawa term 2^/2gi(ip(x) [A^(x), A(x)])g. 
Substituting the scalar field solution (|18|) and the fermionic zero-modes (§) into it induces 
a bilinear term between (£ 5C , £( ±a1 ^) and (C 5 * 7 , C^ ±Q ^) with a matrix M{{A^)) depending 
only on (A^). 

Hence, after the integration over the fermionic zero-modes and the instanton size p, 
we obtain 

2.3 Group integration 

As will be discussed in the following subsection, the four fermi correlation function must 
be a holomorphic function of A and must be independent of the anti-holomorphic vari- 
able Aq. Hence, taking the A\ — > oo limit, the matter action fll9D will suppress the 
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contributions other than the cases 



p~0 or (A)\ (A) d ~ 0. (24) 

The former condition was previously discussed in the explicit supersymmetric instanton 
calculation in the N = 1 SU(2) SQCD |§. The fact that the contributions come only 
from the restricted region fl24D suggests that the group integration remaining in ( p3f ) is 
simple especially in supersymmetric gauge theories. In this subsection, we will perform 
the group integration 

detM(W) 

G/^( 2 )xG. V(^>,W)* D - a 1 j 



by generalizing the method we took in our previous paper for the SU(N C ) case Since 
the result should be a holomorphic function of v4 , we will obtain it by estimating its 
poles. 

The poles will appear if A is such that / = at some Q . The condition / = will 
be understood as the holomorphic condition (A) 1 = (A) d = 0. This is equivalent to 

[QJ a Q\A ] = 0, (26) 

where J a are the generators of the embedded SU(2). For general Q, the condition (|26| ) 
will give two conditions of Oj's, and will not be related to the poles. Thus we assume 
one of the J al = Q' ' J a Vt'^ is in the Cartan subalgebra H, say J 3 ' e if, so that one of the 
conditions is trivially satisfied. Repeating the discussions in section 2.1, J 1 ' are given as 
in (pf). Thus the condition (EBI) becomes 



(a l ,a) = 0, (27) 

where a 1 is one of the longest positive roots. 

To estimate the order and the residue of the pole, we shift the condition ( p7[ ) by an 
infinitesimally small parameter: (a 1 , a) = e. Since / = 0(e) for Q = Q', it turns out that 
only the following small fluctuation of Q is needed in the estimation of the pole: 



Q = exp(— iy/e8g)Q', 
5g = J2 (x al E a i+x al *E_ a r+y al E al _ al +y al *E_ a i +al ). {21 

a 1 eA 1 (ci! i ) 
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In fact, under this small fluctuation, / remains 0(e): 

f((A), (^)) = 1 (a, a 1 ) + £ < a > « X )(B« «*) (l^ I' + I*/" 1 ! 2 ) + °( e )- (29) 
On the other hand, the leading term of detM is 0(1): 

(Yukawa) = yftgi ( \{a\ d^ SC ea 3 Csc - £ ^^f'C"" 1 + r^C*') ] + o(l), 

\ c^eA 1 ^) / 

detM = 2 kD l 2 -*g kD - 2 {a l ,a) 2 II («\a s ) 2 + o(l). (30) 

a 1 eA 1 (o i ) 

Here a s denotes the singlet part of a: a s = a — |a'(a, a 1 ). 

The integration measure of the group integration is defined through the norm || • ||g in 
(|I0]). Since || yflbg |||= 4eyj Q i 6A i( Q ,i)(|x al | 2 + 1?/" 1 ] 2 ), the integration measure is estimated 
as 

dtt ~ 2 2(kD - 4) e k °- 4 [] dxfdxfdyfdyf (31) 

a 1 eA 1 (a i ) 

in the lowest order of e, where x q1 = x" 1 + ix^ and y" 1 = y^ + zy^ 1 . Gathering (|29|) , 



W 2 ,* . d!i 7^ = ra-n-2) (a) ' (33) 



(p0|) and (|3~T|) and integrating over x and we obtain 

/■ rffi detM 2i fcD - 9 vr fcD ~ 4 ^ fcD - 2 1 

Jg/su(2)xg s f*o~2~ r(k D -2) X e 2 n a i 6 Ai(^)( a ' a1 ) 2 ' >_ 
The full expression must have the similar poles for each a 1 with (a, a') = 0. In fact, 
such a function can be constructed for every simple Lie group. Let us define a holomorphic 
function F^(a) by 

detM _ 2^ kD - 9 7i kD - 4 g k °- 2 

G/SU(2)xG s ~""f k D-2 ~ T (k D - 2) 

An explicit form of the function F^(a) is given as follows: 
• Simply laced Lie groups 

All the root vectors have the same lengths. We have a general expression for these 
cases: 

pG/ \ £a6A+(G) Ha°eA + (G):(a,a )=o{ a , «°) 2 Ha i eA 1 (a)( a >) « X )(a, tt 1 - a) 
*1 K a ) = 7 N2 ' ^ 

where a and a run over the set of positive roots A + (G). The explicit expressions 
are also given below for the classical Lie groups A r and D r . 
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The root vectors are described by using the orthogonal unit vectors : — Cj 
(i = 1, • • • , r + 1 ; % 7^ j). Denoting (a, e$) as a« and substituting into fl34j) , we obtain 

jpArf \ Li=i A r (ai, . . . , a r , . . . , a r+ i) 



2A r + 1 (a 1 ,...,a r+1 ) 



A m (a 1; ...,a m ) = Ufa -at) 2 . (35) 

fc<« 



The root vectors are described by ie*, ±e$ ± e 3 - (z, j = 1, • ■ ■ , r ; i ^ j). The latter 
ones are the longest roots. Denoting (a, e^) as Oj, we obtain 



, 7J 2Xir=i<5 r (oi, • • • , Si, . . . , a r ) 



Q r (a 1} ...,a r ) 



Q m fa,...,a m ) = U(a 2 k -a 2 ) 2 . (36) 

k<l 

Cf 

The root vectors are given by ±^/2e,i, -^(ie, ± e 3 -) = 1, • ■ • , r ; i 7^ j). The 
former ones are the longest. Denoting (a, e*) as Oj, we obtain 

F? r {a) = -£JL. (37) 

D r 

The root vectors are given by ±e$ ± e 3 - (i, j = 1, • • -,r ; i ^ ])■ Denoting (a, e») as 
ai, we obtain 

P fl r / \ ^J2l=l a iQ 1 • • • > a ij ■ ■ ■ j °>r) / q o \ 

Q r (ai, ... ,a r ) 

There are 6 positive roots: ai = (yf, 0), a 2 = (75.73), «3 = (-75; 73); A = 
§, i), (3 2 = (0, v 7 ^), As = 75)- The A's are the longest. We obtain 

F ' 2W =ndb?- (39) 
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There are 48 root vectors: ±e», ±e, ie, (i, j = 1, • • • , 4 ; i ^ j), |(±ei ±e 2 ±e 3 ±64). 
The second ones are the longest roots. Denoting (a, e») as ai, we obtain 

_ 2\{a\ - a 2 ) 2 (a 2 - a 2 ) 2 + (of - a|g(a| - a 2 ) 2 + (aj - a 2 ) 2 (a 2 - a 2 ) 2 ) 

m<,K 2 -a 2 ) 2 

(40) 

2.4 One-instanton correction to the prepotential 

Substituting ( fffi ) into (p3|), we finally obtain the four-fermi correlation function as 

«<»M> = - gt ^w^rfe-2) F ° (a) / A ° s - (41) 

Now we will discuss the one-instanton correction to the prepotential. Define the mass- 
less fields (pi and by 

4>{x) = —<pi{x)H % + (massive fields), 
9 

W a (x) = W l a {x)H i + (massive fields). (42) 
In general, N = 2 low-energy effective action can be written of the form |l| : 



C eff = i-Im 



(43) 



Substituting ( f4~2"|) into ([I]) results in the classical part of the prepotential: J r c ias.( ( t ) ) = 
^pr<fi1- In quantum case, including one-loop and non-perturbative instanton corrections, 
the prepotential takes the form 

m = T ifi + ir £ K0) 2 in^# + E^WA^, (44) 

Z 47F aeA+(G) A d n=l 

where the term J =l ^ lst \(f))h k d Dn comes from the n-th instanton contribution. 

Substituting 0j ~ a, + V^dipi and ~ — z'Aj into ([43|), one can see that the low-energy 
Lagrangian £ e ff contains the four-fermi interaction 

= • • • + ^ dJa 3 L k d^ iXkh + ' ' ' • (45) 
13 



Since ipo = a^i and Ao = OjAj, the four-fermi correlation function becomes 

= tJ~ Qi%Q fc a; - ^^^o / d 4 z S£, (46) 
z D 7u oaiOajOakOai J 

where we have performed the rotation to the euclidean space (t — > —ix 4 ). Comparing 

with the microscopic calculation (f4T|), we obtain the one-instanton contribution to the 

prepotential as 

i \ k ° 

A^r"(0) = -^f 2 F?{<P)- (47) 

Here we have rescaled the fields as ga — > a, g 2 ipl — > ipl, g 2 \o — > Aq, since the normalization 
of the fields are different between (0) and (fl3|). 

To compare this microscopic one-instanton result with the exact solutions, the all over 
normalization of the prepotential must be fixed. The classical part of the prepotential 
is not enough for this purpose, because the bare coupling constant is not physical. On 
the other hand, the all over factor of the one-loop correction to the prepotential in (|44|) 
does not depend on the bare coupling constant neither on the dynamical scale A^. In the 
sequel, we will always normalize the prepotential by this one-loop correction. 



3 Some exact results for classical gauge groups 
3.1 The Picard-Fuchs equations for classical gauge groups 

In this section we study the quantum moduli space of the low-energy effective theory of 
N = 2 supersymmetric Yang-Mills theories with classical gauge groups. The low energy 
effective theory for a classical Lie group G with rank r is described by iV = 2 U(l) r 
vector multiplets 4>% — (ai, ^i), = (Aj,v*) and the prepotential a holomorphic 

function of <pi, . . . , <p r . The quantum moduli space is then characterized by the family of 
hyperelliptic curves C : y 2 = f (x; {ui}, Aq), which is parameterized by the gauge invariant 
Casimir invariants Ui = - < tr0* > and dynamically generated scale parameter A^. The 
fields aj and their dual fields a Di = J=^ belong to the sections of Sp(2r,Z) bundle over 
the quantum moduli space. Their explicit form is obtained by the contour integral of the 
meromorphic differential Ag on the hyperelliptic curve: 

(a h a D ) = / A G , 
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(A,, a) = / Xa, (48) 

where (Ai, Bi) are certain homology cycles on C with the canonical intersection form 

Aj o Bj = 5ij, Ai o Aj — Bi o Bj — 0. are simple roots of G and Aj are fundamental 

weights of G. 

The differential Ac is determined by the condition 

d\n dfi , , 

— - = -LUi + -fdx, 49 
osi ax 

where is certain polynomial of itj's and tUj are the basis of the holomorphic one-form 
on the curve. The quantum moduli space contains singularities on which monopoles 
and/or dyons become massless. When the dynamical scale Ac goes to zero, the effective 
theory becomes N = 2 non-abelian theory. The prepotential receives the non-perturbative 
instanton corrections. 

The hyperelliptic curve and the meromorphic differential are known for classical gauge 
groups and are given as follows: 
For A r = SU(r + 1) (r > 1) @ 

y 2 = P Ar (x) 2 - a?; +1) , 

x dP Ar {x) 

X Ar = ^dx } (50) 

y 

wnere i i +i 

P A M= r ]l(x-a l ) = x r+1 -J2siX r+1 -\ X> = 0. (51) 

j=l i=2 i=l 

For B r = SO(2r + 1) (r > 2) [[24| 

y 2 = P Br (xf-At r - 2 x 2 , 

_ dP Br (x) p 
= dx +^BrW dXj (52) 

y 

where 

P Br (x) = P r (x) = f[(x 2 - a 2 ) = * 2r - £ ^x 2r ~ 2i . (53) 
i=i i=i 



For C r = Sp(2r) (r > 2) [f|| 



dPgJx) 



Ac r = ^cte, (54) 

y 
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where 

Po r (x) = x 2 f[(x 2 - a 2 ) + A 2 c r ; 2 = x 2 P r {x) + A 2 J r +2 . (55) 
i=i 

For D r = SO(2r) (r > 3) @ 

y 2 = P Dr {x) 2 - ^i;"x\ 

_ dPDrM + 2Pn (x) 

\ Dr = dx - DA } dx, (56) 



V 



where 



PdXx) = P r (x), s 2r = t 2 (57) 



and S2, ■ ■ ■ , S2r-2i t are the gauge invariant order parameters. 

In order to examine behavior of the periods II = (a\ a l D ) near the singularities, it 
is useful to study the differential equation (the Picard-Fuchs equation) for the periods. 
The solutions for the Picard-Fuchs equation have been investigated in the case of SU(N C ) 
(N c = 2,3) f35|, and SU(2) QCD with N f (< 3) massless H and massive [g8] flavors. In 



the following we will work on the Picard-Fuchs equations for classical gauge groups. 



We begin with the A r CclSG, clS discussed in ref. |35|. From the relation 



<9A Ar x r+1 - { dx d (x^^ 1 



dsi y dx \ y 

we get 



+ -f- ^— dx, (58) 



d\A^ = _x __dx +d{ ^ (59) 



dsidsj y 3 
This implies the differential equations Cfj. p U = 0, where 

C%. m = d Si d s . - d Sp d Sq (60) 

for i + j = p + q. Other types of differential equations may be obtained by considering 
the total derivative 

(61) 



d_ (x*\ _ kx k ~ x _ x k ^P Ar 
dx\y J y y 3 



Since 



r+1 



X 



-f r + _ J2(r + 1 - j) Sj x r+1 - j , (62) 



dx j=2 
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the r.h.s. of fl6T| ) may be expressed for < k < r — 2 in terms of derivatives of A^ r 
up to total derivative, by using (^) and (|5DD . Thus we may obtain a set of differential 



equations £f r H = 0, where 

Cfr = -(r + l)d S2 d Sr + j2(r + l-j) Sj d Sr+1 d Sj+1 , 



J =2 



Ct = kd Sr+2 _ k -{r + l)d S2 d Sr _ k + Y.^+ l -3>A T+2 ^r (63) 

3=2 

For k > r — 1, the r.h.s. of ( |61"D does not give the second order differential equation 



2t — 1 . 



with respect to s$. However, taking certain linear combination of d(^-) , • • • , d(- y 
one gets the second order differential equation. Let us define this non-trivial equation as 
Cf^H = 0. Cfli is determined modulo Cf r (0 < k < r—2). The differential operator C,^L\ 
contains the scale parameter A 2 J^ 2 in contrast to other differential equations. Although 
we may not obtain general expressions for C r L\ in the present work, we give examples for 
A r (r < 4) cases, which is given as follows: 

• A, 

-Ai a /a 4 „2\a2 



A, 



A, 



^ = -4(A^ - *M a + I- (64) 



£f = 4s 2 <9 2 2 - 9(A« 2 - s 2 )d s 2 3 + 12s 2 s 3 d S2 d S3 + 3s 3 d S3 + 1. (65) 



= 4(s 2 2 + 24s,)d 2 S2 +9sjdl-16(AX-sl)di 

+12s 2 s 3 d S2 d S3 - 32s 2 s 4 d S2 d S4 + 3s 3 d S3 - lQs 4 d S4 + 1. (66) 



-4, 



Ct = 4(4+20s,)di 2 +9sidt 3 -2B(Al-si)dt 5 

+12s 2 s 3 d S2 d S3 - 32s 2 s 4 d S2 d S4 - 8s 3 s 4 9 S3 (9 S4 + 20s 2 s 5 <9 S2 <9 S5 
+30s 3 s 5 d S3 d S5 + A0s 4 s 5 d S4 d S5 + 3s 3 d S3 - 24s 4 <9 S4 + l5s 5 d S5 + 1. (67) 
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Notice that in the above results, the quantum correction appears only in the second 
derivative with respect to s r+ %. For general A r , one expects that the Picard-Fuchs equation 
would take the form 

Cf Ll = Ctf assical - (r + l) 2 A%d 2 Sr+1 , (68) 

where £ t ^^ lassical j s certain differential operator which make the classical period § A^ r |a=o = 
§ dxxdlog(PA r (x)) vanish. The detailed analysis is left for future study 

Next we consider the Picard-Fuchs equations for S r -type gauge groups. The mero- 
morphic differential \b t satisfies 

V dx \ y J 

d S2i d S2j \ Br = r -^-dx + d(*). (69) 

y 



From (|69| ) and 



, x 2k+1 \ 2kx 2k x 2k+1 ^-x 2k P r (x) 

d[ = ^ —PJx), 70 

V y J y y 



we obtain a set of the Picard-Fuchs equations: 



Cfj. M U = 0, i+j = p + q, 

Cf*TL = , i = 0,..-,r-2, (71) 



where 



r B v = 33 -33 

= -2iS^ + (2r-lK^ a _ 9l -f;(2r-2*-l)a 2jk ^5 -9p _ !ll . (72) 

k=l 

For B r (r < 4), the differential equation £^11 = which includes the scale parameter 
takes the form 

• B 2 

£f 2 = 4s 2 2 d 2 S2 - (9A% 2 - l6s 2 s 4 )d S2 d S4 + 16sld 2 4 + 8s 4 d S4 + 1. (73) 
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• B 3 

C* = A(s 2 2 - 105 Si )d 2 S2 + 100^ + 36^ 

+268s 2 s 4 <9 S2 <9 S4 + 2As 2 SQd S2 d S6 - (25A^° 3 + 3Qs 4 s 6 )d S4 d S6 
+176s 4 d S4 + 2As e d S6 + l. (74) 

• B 4 

£f 4 = A(sl-AA8s 4 )dl + 78Asld 2 S2 +3Qsldl+QAsld 2 Ss + 129Qs 2 s A d S2 d S4 
+2As 2 s 6 d S2 d S(i + 32s 2 s 8 d S2 d Ss + 30As 4 s 6 d S4 d S6 - 192s 4 s 8 <9 S4 <9 Sg 
-(49A^ 4 4 - 96s 6 s 8 )d S6 d S8 + 1032s 4 <9 S4 + 2As 6 d S6 + A8s s d S8 + 1. (75) 

In a similar way we may derive the Picard-Fuchs equations for other classical gauge 
groups. Here we summarize the results. For C r type gauge group, the Picard-Fuchs 
equations are 

= 0, i + j=p + q, 
£f r n = 0, i = l,...,r, (76) 

where 

r Cr . — f) d -88 
Cfr = _ {2t + i)d S2r+2 _ 2t + (2r + 2)d S2 d S2r _ 2i -Y< r(2r + 2-2k)s 2k d S2k d S2r+2 _ 2i , 

k=l 

(77) 

for i = 1, . . . , r - 1. C° r for C r (r = 2, 3, 4) are 

• C 2 

4^ = 4s^ 2 - (144A^ 2 - lQs 2 s 4 )d S2 d S4 + (72A^s 2 + 16s 2 4 )d 2 4 + 8s 4 d S4 + 1. (78) 

4* = ±4d 2 S2 + (16s* - 384A^)«9 2 4 + (36s 2 + 128A^ S4 )«9 2 6 

+lQs 2 s 4 d S2 d S4 + 24s 2 s 6 <9 S2 <9 S6 + (256A^ 3 s 2 + A8s 4 s 6 )d S4 d S(i 
+8s 4 d S4 + 2As 6 d S(i + l. (79) 
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• c 4 

= As 2 2 d 2 S2 + 16s 2 <9 2 4 + 36s^ 6 + (200s 6 A£ + 64 S 2 )<9 2 g + 16 S2 s 4 ^ 2 9 S4 
+2As 2 s 6 d S2 d Se> + (-800A^ 4 + 32s 2 s 8 )<9 S2 <9 S8 + A8s 4 s 6 d S4 d S(i 
+ (600s 2 A^? + 6As 4 s 8 )d S4 d S8 + (400s 4 A^? + Q4s 6 s 8 )d Se d S8 
+8s 4 d S4 + 24s 6 d S6 + 48s 8 d S8 + I. (80) 

For D r (r > 3), the Picard-Fuchs equations read 

A^ ;Pl9 n = o, i + j= P + q 

Cf T Yi = 0, i = 0,...,r-l (81) 



where 



££>r _ a a -3d 
C fr = _ {2 i-i) ds2r _ 2i + (2r-2)d S2 d S2r _ 2 _ 2i -Y: r(2r-2-2k)s 2k d S2k d S2r _ 2i , 



k=i 



(82) 



for i — 0, . . . , r — 2. The remaining differential operator £^T X for D r (r = 3, 4) take the 
form 



= (4s 2 - 9Qs 4 )d% + 16s 2 <9 2 4 + (64s 2 s 4 - 72s 6 )d S2 d S4 

+(-16A^ 3 + Q0s 2 s 6 )d S2 d se + 32s 4 <9 S4 + 6s 6 <9 S6 + I. (83) 



• D 4 



= A(sl-96s 4 )dl + UAsldl-36(A l l-sl)dl + 6Asldl + 272s 2 s 4 d S2 d S4 
+24s 2 s 6 d S2 d S(i + 32s 2 s 8 d S2 d Ss + 46s 4 s 6 <9 S4 <9 S6 - 64s 4 s 8 <9 S4 <9 S8 + 96s 6 s 8 d S(i d S8 
+200s 4 <9 S4 + 2As 6 d S6 + 48s 8 d S8 + 1. (84) 

So far we have written down the differential operators for classical gauge groups with rank 
r < 4. We now check the consistency of the above Picard-Fuchs equations. Since B 2 = C 2 
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and As = D 3} the differential equations should be equivalent though the curves look like 
different. For B 2 and C 2 , one needs to change the basis of root system 

1 . V 

a x = -j=(a 1 + a 2 ), 

a 2 = ~^(^ ~ ^2), (85) 

where Oj and dj are the Higgs field in C 2 and B 2 curves, respectively. This implies the 
change of variables 

S2 = h, 

s 4 = -h - -s\. (86) 

One can check the Picard-Fuchs equations for B 2 and C 2 are equivalent if the scale pa- 
rameters have a relation 

A% = -16A^. (87) 
For A 3 and D 3 , we find that both differential equations are equivalent if the relations 

1-2 

s 6 = -gS 3 , 

_ 1.2 

S4 — S4 ^_ S 2' 
S2 = —f>2, 

Ad 3 = Aa 3 (88) 
hold. Here s 2 ^s and Sj's are order parameters in D 3 and A 3 curves respectively. 

3.2 Solutions of the Picard-Fuchs equations in the semi-classical 
regime 

In this subsection we study the solutions of the Picard-Fuchs equations in the semi- 
classical regime (A ~ 0) and compute the one-instanton contributions to the prepotentials. 
Firstly we consider the rank two case. Since the SU (3) Picard-Fuchs equations are studied 
in ref. |35] using Apell's generalized hypergeometric functions, we consider the B 2 case. 



As in the case of AT = 2 ST/ (3) massless SQCD |!7|], the B 2 Picard-Fuchs equations may 
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not be written in the form of Apell's type. Let us rewrite the equations by using Euler 
derivatives $ 2 i = s 2id S2i : 

Co = 3sf^ 2 2 ~^ 2 ) + s^M^-l-^ 2 ), 

9A 6 

d = (2tf 2 + 4tf 4 -l) 2 ^^4. (89) 

S2S4 

It is natural to introduce new variables 

xi = x 2 = ^2.. (90) 

S 2 S 2 S4 

We construct the power series solution of ( |89] ) around (xi,x 2 ) = (0,0). Let 

w(a,b; Xl ,x 2 )= £ c m , n xr + X +b = 44 + "--, (91) 

m,n>0 

be a formal power series of X\ and x 2 with co.o = 1- Here a = —2a — 6 and (3 = a — b. 
The indicial equations of (|89|) read 

P(P - 1 - a) = 0, (2a + 4/3- l) 2 = 0. (92) 

These equations have two roots of multiplicity 2. They are (a, 6) = (—1/6,-1/6), 
(1/3,-1/6). From fl8"9]), c mi „ obeys the recursion relations: 

— 3(m — 1— n + a — b)(m — n + a — 6 — 2) 



(m — n + a — 6)(— (m + a) — 1 — 2(n + 6)) 
-9(m - n + a - 6 + l)(2(m + a) + (n - 1 + 6)) 



Cm— l,n> 

m,n— 1- (93) 



(6(n + 6) + l) 2 

Thus we get two power series solutions u>i(s 2 ,S4) = w(—l/6,—l/6,xi,x 2 ), u> 2 (s 2 ,s 4 ) = 
w(l/3, —l/6;xi,x 2 ). Two periods ai(s 2 ,s 4 ) and a 2 (s 2 ,s 4 ) are expressed in terms of linear 
combinations of W\ and w 2 . In the limit A# 2 — > 0, a« goes to 0j, where 0j is the solutions 
of 

(x 2 - a 2 )(x 2 - a 2 ) = x 4 - s 2 x 2 - s 4 = 0. (94) 
This classical limit determines a^. We find that 

Oi(s2, s 4 ) = twi(s 2> s 4 ), a 2 (s 2 , s 4 ) = m> 2 (s 2 , s 4 ). (95) 
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We may obtain the logarithmic type solutions Wdi, Wd2 by the Frobenius method: 

S4 3 12 s l J 2 
w D1 (s u s 2 ) = -3(logs 2 )wi(si,s 2 )--^ + -A| 2 ^--A| 2 ^ + ---, 

S 2 s 2 S 2 

5s 3/2 1 1 1 s l/2 

WD2(S2,S 4 ) = ~ log{s 2 S A )w 2 {s2, S 4 ) ~ + ^A^ 2 g/2 ^ + -A| a -f/2 + • • • • ( 96 ) 

s 2 S 2 S 4 S 2 

The dual fields and a 2 D are expressed as a} D = — u>di + Qii^i + Oi 2 -u; 2 an d = 
-iw D2 + a 2 it0i + a 22 u; 2 , where constants. These constants are determined by 

evaluating the period integral. For the computation of the instanton correction to the 
prepotential, however, explicit form of a l D is not necessary. Actually the prepotential J- (a) 
satisfies the scaling equation |^T] 

8mb lS2 = Y a^^- - 2F(a), (97) 

where b± is the coefficient of the 1-loop beta function b\ = /cd/167t 2 . In the semi-classical 
regime, the exact prepotential jF(a) has an expansion 

^(a) = |a 2 + f £ (a,a) 2 ln^ + £^a)A^\ (98) 

Z 47F aeA+(G) A rf n=l 

Therefore, to calculate the one- instanton correction term T\, we need to know only explicit 
form of Oj. In the B 2 case, by inserting (|9~5|) into (97), we find that 

A b 2 ^i(«) = 2 2 2vT - (") 

47r 8 (a| — a 2 y 

In a similar way, one may perform exact calculation of the instanton calculation to the 
prepotentials for other gauge groups. In the present work, we have performed the explicit 
calculation up to rank 3 cases. But as in the case of A r , the matching condition for the 
scale parameter by making one of the vacuum expectation values of the Higgs fields large 
and the Weyl group symmetry will determine T\ explicitly, which will be discussed in the 
next section. 

We next study the rank 3 case. Since A3 and C3 cases may be treated in a similar 
way, we discuss the B 3 case in some detail. Using the Euler derivatives, the differential 
equations read 

C = -5 S - 1 S - 1 ^ 4 + 5-^6(3^2+^4-^6+ 1), 
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d = -S4 1 ^ 4 (3^2+^4-^6 + l)+5s 2 2 ^ 2 (^ 2 -l), 

C 2 = 4®\ - 4^ 2 + 268tf 2 tf 4 + 10Ch?l + 76tf 4 + 24tf 2 tf 6 - 39^6 + 36^ — 12i? 6 + 1 
,,, Aio 

-4204^2(^2 -1) -25—^^6- (100) 

S2 S4S6 

We introduce new variables £1, £2,2:3: 

s 6 s 4 n „ n 

Xl = , X 2 = ^, X 3 = i (101) 

S2S4 s 2 S4-S6 

and construct power series solutions around (#1, £2, £3) = (0,0,0) of the form 

«;(a,6,c;x 1 ,a; 2 ,X3)= £ d^x^x^x^ = s^sl + ■ ■ ■ , (102) 

/,m,n>0 

where ct = —a — 26, /3 = —a + 6 — c and 7 = a — 6 and rf ,o,o — 1- The indicial equations 
become 

7 (3a + /3- 7 + 1) = 0, 
/3(3a + /3 - 7 + 1) =0, 

4a 2 - 4a + 268a/3 + 100/3 2 + 76/5 + 24a 7 - 36/3 7 + 36 7 2 - 12 7 + 1 = 0, (103) 

which have solutions (a, (3, 7) = (1/2, 0, 0), (-1/2, 1/2, 0), (-1/4 - (3/2, (3, 1/4 - (5/2). 
di,m.n obey the recursion relations: 

51(1 — 1, to, n)m(l — 1, to, n) 

U<l,m,n wTwTr \ \ ^"7? \ 7T^/— l,m.nj 

m, n)(3/(/, to, n) + m(Z, to, n) — n{l, m, n) + 1) 
5to(Z, to — 1, n)(fh(l, to — 1, n) — 1) ^ 
m(/, to, n)(3/(/, to, n) + rh(l, m, n) — h(l, to, n) + 1) ' m 



420Z(Z, to — 1, n)(l(l, to — 1, n) — 1) 25fh(l, m,n — l)n(l, m,n — 1) 

A(Z,m.n) '' m - 1,n + A(Z,m,n) /,m,n - 1 ' 

(104) 



where 1(1, m,n) = —(I + a) — 2(m + b), fh(l,m,n) = —(I + a) + (m + 6) — (n + c), 
m(Z, m, n) = (I + a) — (n + c) and 

A(l, m, n) = 41(1, m, n) 2 — 41(1, m, n) + 268/(/, to, n)rh(l, m, n) + 100to(Z, to, n) 2 
+76to(Z, m, n) + 241(1, m, n)n(l, m, n) — 36to(Z, to, n)n(l, m, n) 
+36n(Z, to, n) 2 - 12n(l, to, n) + 1. (105) 
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In order to determine (a, b, c), we need to consider the classical limit (A — ► 0). In this 
limit ±aj are the solution of x 6 — s 2 x 4 — s 4 x 2 — s 6 = 0. We thus find that the quantum 
a,- becomes 



ai(s 2 ,s 4 , s 6 ) 



w[ 



1-1-1 

-p-, "TTT i ^2, S4, Sq), 



10 ' 5 10 
1 + i ,3 1 -1 



. v^i-l) .-7 11 -1 , 



a3(S2, S4, Sg) 



1-1,3 1 



1 



w (^7T>H7T'T7r' s 2,S4, s 6 ) + 



v^H-i) ,-7 11 -1 



y/2 v 20' 20' 10 



-w( 



20 20' 10 



Using (|97|), we find that one-instanton correction to the prepotential is 



Fx 



% 1 



1 



+ 



1 



+ 



1 



4tt8 VK-«1) 2 K-«I) 2 K - «i) 2 («i - «i) 2 K - «i) 2 («l - 4)\ 

For C r type gauge groups, the results follows: 

z 1 

^1 



(106) 



.(107) 



in afa| 
i 1 

4-7T af a|a| 



for C 2 , 



for C 3 . 



(108) 



For A3, we have the same result as in ref. [IB], which is expected from the matching 
condition of the scale parameter. 



4 Matching conditions for scale parameters 

In this section, we will discuss the relations between the scale parameters in the micro- 
scopic theories and those in the exact solutions for the classical gauge groups, and then 
will compare the one-instanton corrections to the prepotentials. To do so, we will first 
discuss the matching conditions of the scale parameters, and then will use the known 
relation mN = 2 SU(2) SYM theory @, [T| . 

When the gauge group is broken down from G to G' by the Higgs mechanism, the 
matching condition of effective gauge couplings in the Pauli- Villas regularization scheme 



leads to the condition between the dynamical scales [|I"4T|: 



(109) 
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where m^'s denote the masses of the gauge bosons which become massive by the Higgs 
scalar vacuum expectation values. 

Firstly we consider the case A r — > A r -i. The root vectors of A r are given as in section 
2.3. The reduction can be realized by considering a vacuum expectation value 



r 



a = bJ2 e i ~ rbe r+1 + a, (a, e r+1 ) = (a, ^ e») = 0, (110) 

i=l i=l 

where b^> a. The massive gauge bosons are related to the roots t{ — e r+ i (i = 1, • • • , r), 
and their mass is given by v2(a, — e r+ i) ~ \/2(l + r)b. Hence the matching condition 
is given by 

A£r 1 J = 2(l + r) 2 6 a Aj lr _ 1 . (Ill) 



One can see easily that the one-instanton correction (p5[ ), ( f47|) is consistent with the 
matching condition fllllj) . On the other hand, the matching condition in the exact solution 
can be derived from the hyperelliptic curve most easily. Substituting 

Oi = (a, ei) = b + a,i (i = 1, • - • ,r), a r+1 = (a, e r+1 ) = -rb (112) 

into (|50|) , (|5l|) , one obtains the matching condition 

Ar i) = (l + r) 2 6 2 At_ 1 , (113) 

after a rescaling and a shift of y and x. Since A^Ai = ^■a 1 in the Pauli- Villas regularization 



scheme |TJ], |16[, we obtain the relation between the scales as [[LJJ 

A^ r = 2 r - 1 A Ar . (114) 

The same procedure works for cases B r — ► S r _i, C r — > C r _i and D r — > D r _i, if one 
considers the scalar vacuum expectation value (see section 2.3) 

a = bei + a, (a, e\) = 0. (115) 

But a little care must be taken for the case C r — > C r -i- This is because there are two kinds 
of massive gauge bosons with different masses. They are related to the roots \/2ei and 
-j^{e-i ± ei) (i = 2, • • • ,r), respectively. Only the latter appears in the one-loop diagram 
of the renormalization of the gauge coupling of C r _i. Hence the mass to be taken is b. 
We will give a list of the matching condition in the following. 
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A^ r 2 = 46 4 Af^_ 



= b 4 A%Z 6 - (H6) 



r-l 



A 2r+2 _ ,2 A 2r 



A 2 a +2 = (H7) 



D r D 



r-l 



A? A 4 = 46*A*5^ l , 

A 4,-4 = 6 4 A £8, (U8) 

All of the above relations for the dynamical scales A^ are consistent with the microscopic 
instanton calculations fl5B]) , fl3T|), fl38|) and (pE7|). 

Now let us discuss the Higgs breakings B r — > A r _i and D r — > A r _i. Both of them can 
be realized by 

r r 

a = b^2ei + a, (a,^ej)=0. (119) 

i=l i=l 

Similar discussions as above show that 

• B r — ► A r — i 

A4r-2 _ f)3r-5t2r-2 A 2r 

A d,B r — / A dA-l' 

Af 2 = ^fi^Al*, (120) 

and 

• D r — > v4 r _i 

A 4r-4 _ 9 3r-6t2r-4 A 2r 

A d,D r — Z A d,/l r _ii 

A 4r-4 = 2 2 V r " 4 A^_ 1 - (121) 
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Concerning C r , we have the relation fl8"?D as well as Ad t c 2 = ^d,B 2 , which should be trivially 
satisfied in the microscopic theory. The relations in this subsection consistently fix the 
relations between and A as follows: 

K 
K 

At r n l ■ 2-'- s A;r'. ( 1 22 ) 



4r-2 

d,B r ~ 


2 2r-7 A 4r-2 


2r+2 

d,C r ~ 


-2Ag. +2 , 


4r-4 
d,D r ~ 


2 2r-8 A 4r-4 



Substituting (|122[) into the results of the microscopic one-instanton calculations 
and (JT7D, we find they agree with the exact solutions (P§|), ( |107| ) for £? 2 ,3 and ( |108[ ) for 
6*2,3 on the numerical factors as well as on the functional forms. 

5 Conclusions and discussions 

In this paper, we have calculated the one-instanton correction to the prepotential in the 
N = 2 SYM theory with any simple gauge group by the microscopic instanton calcu- 
lation, and have found the microscopic one-instanton corrections agree with those from 
the exact solutions for some classical gauge groups. To derive the instanton corrections 
from the exact solutions, we have derived the Picard-Fuchs equations from the proposed 
hyperelliptic curves and meromorphic differentials, and solve them to the one-instanton 
level near semi-classical regime. 

The generalization to AT = 2 SQCD with fundamental hypermultiplets would be 
straightforward. In N = 2 SU(2) SQCD with fundamental hypermultiplets, the lowest 
instanton correction is the two- instanton effect ||. This is due to the Z 2 symmetry orig- 
inating from the fact that the representation of SU (2) is psudoreal. For the other gauge 
groups, one naturally expects the lowest instanton correction will be the one-instanton 
contribution. Hence it would be interesting to investigate the comparison in A^ = 2 SQCD 
with the other gauge groups, especially for the similar cases that some discrepancies have 
been reported ^2] . These cases would be generalized to AT = 2 SU(N C ) SQCD with 



Nf {2N C — 2 < Nj < 2N C ) fundamental hypermultiplets. In these cases, the result of the 
group integration would have a regular term, which can not be determined solely by the 
estimation of the poles. Thus one will have to improve the method in this direction. 
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The investigation of the exceptional Lie groups would be also interesting. We have 
already calculated the one-instanton correction to the prepotential by the microscopic one- 
instanton calculation. Hence only the comparison with the exact solutions is necessary. 



The explicit forms of the hyperelliptic curves for the G 2 |32| , F 4 and -£^,7,8 |33], |52], [53|] SYM 
theories have been already proposed. The new feature of the F4 and £6,7,8 cases is that 
there are too many homology cycles on the hyperelliptic curves compared to the number 
of the rank of the gauge groups. The comparison would be an interesting non-trivial test 
for the validity of the proposed curves. 
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Appendix A Conventions on the Cartan-Weyl basis 

We use the following conventions on the Cartan-Weyl basis of the Lie algebra g of a simple 
Lie group G. 



[Hi, E a ] = aiE a , 

r 

[E a ,E- a ] = y, OLj Hi, 
i=l 

Tr adj (HiHj) = k D 5ij, 

where r is the rank of the Lie algebra g, on is a root vector, and hp denotes the Dynkin 
index of the adjoint representation. The trace is taken in the adjoint representation. The 
longest roots a 1 are normalized by (a 1 , a 1 ) = 2. 



29 



Appendix B The Dynkin indices of the adjoint repre- 
sentation 

For completeness, we give here a list of Dynkin indices of the adjoint representations of 



simple Lie algebras [54 



k D Ar = 2(r + l), kf) Br = 2(2r — 1), k D Cr = 2(r + l), 
ko Dr = 4(r — 1), k D G *=8, k D F * = 18, 



k n Ee = 24, k n E7 = 36, k n Es = 60. 
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